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We explore the Larkin-Ovchinnikov-Fulde-Ferrell (LOFF) phase of QCD with three flavors, using
a Ginzburg-Landau expansion of the free energy, and a NJL point-like four-fermion interaction, with
the quantum numbers of single-gluon exchange.
PACS numbers: 12.38.Aw, 12.38.Lg
At high quark densities and small temperatures quarks are expected to form Cooper pairs, because of the attractive
interaction in the color antisymmetric channel. This gives rise to Color Superconductivity, see [1, 2] and for reviews
[3, 4]. At asymptotically high densities with three flavors the Color Flavor Locking (CFL) phase [5], characterized by
a spinless color- and flavor-antisymmetric diquark condensate, is the energetically favored phase. When the density
decreases to values probably achieved in the core of compact stars (µ ∼ 400 − 500 MeV) one cannot neglect the
strange quark mass and the differences in the quark chemical potentials δµ. Various phases have been proposed for
this region of the QCD phase diagram. Among these, the gapless gCFL phase [6] was considered for some time as the
most suitable candidate. It was however realized that imaginary gluon Meissner masses, see [7], produce instabilities
in this phase, and in general in the gapless phases, see [8].
The Larkin-Ovchinnikov-Fulde-Ferrell (LOFF) [9] phase is an inhomogeneous superconductive phase in which quark
pairs have non-zero total momentum; it turns out to be favored, for appropriate values of δµ, over the homogeneous
superconducting phase and the normal non-superconducting one. The possibility of a LOFF phase in QCD with two
flavors has been extensively discussed in the last half-decade, see [10] and for a review [11].
The three flavor LOFF phase has been first considered in [12], using a Ginzburg-Landau (GL) expansion of the free
energy, and subsequently it was found that such a phase is chromomagnetically stable [13]. The validity of the G-L
approximation for this phase has recently been tested [14], and a study of the corrections due to the finite chemical
potentials has been completed in [15]. Recently a work has been performed [16] in which the authors consider the
possibility of structures formed by more than one plane wave.
Formalism and results
We start with the Lagrangean density for three flavor ungapped quarks
L = ψ¯iα
(
iD/ αβij −M
αβ
ij + µ
αβ
ij γ0
)
ψβj . (1)
Mαβij = δ
αβ diag(0, 0,Ms) is the mass matrix and D
αβ
ij = ∂δ
αβδij + igAaT
αβ
a δij ; µ
ij
αβ is a diagonal color-flavor matrix
depending in general on µ (the average quark chemical potential), µe (the electron chemical potential), and µ3, µ8,
related to color [6]. We do not require color neutrality and we work in the approximation µ3 = µ8 = 0, which is
justified by the results of Ref.[15], so we write µαβij = (µδij − µeQij)δ
αβ = µi δijδ
αβ .
Treating the strange quark mass at the leading order in the 1/µ expansion we have
µu = µ−
2
3
µe , µd = µ+
1
3
µe , µs = µ+
1
3
µe −
M2s
2µ
. (2)
Moreover we make use of the High Density Effective Theory (HDET), see [17] and, for a review, [4].
The fundamental pairing ansatz for the condensate is
< ψiα C γ5 ψβj >=
3∑
I=1
∆I(r) ǫ
αβI ǫijI (3)
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2with
∆I(r) = ∆I exp (2iqI · r) , (4)
where 2qI is the pair momentum. The momenta q1, q2, q3 and the gap parameters ∆1(r), ∆2(r), ∆3(r) correspond
respectively to d− s, u− s and u− d pairing.
As usual, the norms |qI| are derived minimizing the free energy, while the directions have to be determined by a
chrystallographic analysis. In [12] only structures with the qI on the same axis have been studied, while in [16] more
complicate structures are analyzed.
The GL approximation is implemented by an expansion of the anomalous propagator S21
S21 = S
22
0 ∆
∗S110 + S
22
0 ∆
∗S110 ∆S
22
0 ∆
∗S110 +O(∆
5) (5)
involved in the gap equation, as obtained by the Schwinger-Dyson equation in the HDET formalism:
∆∗AB(r) = i 3GV
µV˜ ν
9∑
C,D=1
h∗AaChDbB
∫
dn
4π
∫
d3 ℓ
(2π)3
∫
dE
2π
S21(E, ℓ)CD gµν δab . (6)
In this way the free energy GL expansion assumes the form
Ω = Ωn +
3∑
I=1

αI
2
∆2I +
βI
4
∆4I +
∑
J 6=I
βIJ
4
∆2I∆
2
J

 + O(∆6) (7)
with
Ωn = −
3
12π2
(
µ4u + µ
4
d + µ
4
s
)
−
µ4e
12π2
. (8)
The coefficients αI , βI and βIJ can be found in [12]. Electric neutrality is obtained by imposing the condition
−
∂Ω
∂µe
= 0 . (9)
.
In [12] the energetically favored solution has ∆1 = 0, ∆2 = ∆3 and q2, q3 parallel. Figure 1 shows the competition
among different color superconducting phases, comprising the three flavor LOFF phase considered in [12].
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FIG. 1: Free energy differences ΩLOFF − Ωnorm in units of 106 MeV4 plotted versus M2s /µ (in MeV) for various QCD phases.
3In Ref.[16] another plot is presented, showing the free energies of more complicate crystal structures. In particular,
there are two structures with free energy smaller than the simple ansatz of [12], but the gaps involved in this phases
are rather large, so the GL approximation must be properly tested.
In conclusion, we have shown that the three flavor LOFF phase, due to its chromomagnetic stability, is a serious
candidate for the true vacuum at moderate densities, and therefore it could be present in the core of compact stars
(see [18] for a preliminary study).
Acknowledgments
I wish to thank G. Nardulli and M. Ruggieri, for their fundamental importance upstream this work; D. Blaschke
and BLTP-JINR for everything concerning the DM 2006 school; R. Anglani and all the other participants to DM
2006 for two really useful and funny weeks.
[1] J. C. Collins and M. J. Perry, Phys. Rev. Lett. 34 (1975) 1353; B. Barrois, Nucl. Phys. B129 (1977) 390; S. Frautschi,
Proceedings of workshop on hadronic matter at extreme density, Erice 1978; D. Bailin and A. Love, Phys. Rept. 107 (1984)
325.
[2] M. G. Alford, K. Rajagopal and F. Wilczek, Phys. Lett. B 422, 247 (1998) [arXiv:hep-ph/9711395]; R. Rapp, T. Scha¨fer, E.
V. Shuryak and M. Velkovsky, Phys. Rev. Lett. 81, 53 (1998) [arXiv:hep-ph/9711396]; D. T. Son, Phys. Rev. D 59, 094019
(1999) [arXiv:hep-ph/9812287]; R. D. Pisarski and D. H. Rischke, Phys. Rev. D 61, 074017 (2000) [arXiv:nucl-th/9910056].
[3] K. Rajagopal and F.Wilczek,in Handbook of QCD, M. Shifman ed. (World Scientific 2001), [arXiv:hep-ph/0011333];
M. G. Alford, Ann. Rev. Nucl. Part. Sci. 51 (2001) 131 [arXiv:hep-ph/0102047]. T. Schafer, arXiv:hep-ph/0304281.
[4] G.Nardulli, Riv. Nuovo Cim. 25N3 (2002) 1 [arXiv:hep-ph/0202037].
[5] M. G. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B 537, 443 (1999) [arXiv:hep-ph/9804403].
[6] M. Alford, C. Kouvaris and K. Rajagopal, Phys. Rev. Lett. 92, 222001 (2004) [arXiv:hep-ph/0311286]; M. Alford, C. Kou-
varis and K. Rajagopal, Phys. Rev. D 71, 054009 (2005) [arXiv:hep-ph/0406137]. K. Fukushima, C. Kouvaris and K. Ra-
jagopal, Phys. Rev. D 71, 034002 (2005) [arXiv:hep-ph/0408322].
[7] R. Casalbuoni, R. Gatto, M. Mannarelli, G. Nardulli and M. Ruggieri, Phys. Lett. B 605, 362 (2005) [Erratum-ibid. B 615,
297 (2005)] [arXiv:hep-ph/0410401]; K. Fukushima, Phys. Rev. D 72, 074002 (2005) [arXiv:hep-ph/0506080]; M. Alford
and Q. h. Wang, J. Phys. G 31, 719 (2005) [arXiv:hep-ph/0501078]; K. Fukushima, arXiv:hep-ph/0510299.
[8] M. Huang and I. A. Shovkovy, Phys. Rev. D 70, 051501 (2004) [arXiv:hep-ph/0407049]. M. Huang and I. A. Shovkovy,
Phys. Rev. D 70, 094030 (2004) [arXiv:hep-ph/0408268].
[9] A. I. Larkin and Yu. N. Ovchinnikov, Zh. Eksp. Teor. Fiz. 47 (1136) 1964 ( Sov. Phys. JETP 20 (1965) 762); P.Fulde and
R. A. Ferrell, Phys. Rev. 135 (1964) A550.
[10] M. G. Alford, J. A. Bowers and K. Rajagopal, Phys. Rev. D 63, 074016 (2001) [arXiv:hep-ph/0008208]; J. A. Bowers,
J. Kundu, K. Rajagopal and E. Shuster, Phys. Rev. D 64, 014024 (2001) [arXiv:hep-ph/0101067]; J. A. Bowers and
K. Rajagopal, Phys. Rev. D 66, 065002 (2002) [arXiv:hep-ph/0204079]; R. Casalbuoni, M. Ciminale, M. Mannarelli,
G. Nardulli, M. Ruggieri and R. Gatto, Phys. Rev. D 70, 054004 (2004) [arXiv:hep-ph/0404090].
[11] R. Casalbuoni and G. Nardulli, Rev. Mod. Phys. 76, 263 (2004) [arXiv:hep-ph/0305069].
[12] R. Casalbuoni, R. Gatto, N. Ippolito, G. Nardulli and M. Ruggieri, Phys. Lett. B 627, 89 (2005) [Erratum-ibid. B 634,
565 (2006)] [arXiv:hep-ph/0507247].
[13] M. Ciminale, G. Nardulli, M. Ruggieri and R. Gatto, Phys. Lett. B 636, 317 (2006) [arXiv:hep-ph/0602180].
[14] M. Mannarelli, K. Rajagopal and R. Sharma, arXiv:hep-ph/0603076.
[15] R. Casalbuoni, M. Ciminale, R. Gatto, G. Nardulli and M. Ruggieri, arXiv:hep-ph/0606242.
[16] K. Rajagopal and R. Sharma, arXiv:hep-ph/0605316, K. Rajagopal and R. Sharma, arXiv:hep-ph/0606066.
[17] D. K. Hong, Phys. Lett. B 473, 118 (2000) [arXiv:hep-ph/9812510]. D. K. Hong, Nucl. Phys. B 582, 451
(2000) [arXiv:hep-ph/9905523]; S. R. Beane, P. F. Bedaque and M. J. Savage, Phys. Lett. B 483, 131 (2000)
[arXiv:hep-ph/0002209]; R. Casalbuoni, R. Gatto, G. Nardulli and M. Ruggieri, Phys. Rev. D 68, 034024 (2003)
[arXiv:hep-ph/0302077].
[18] R. Anglani, G. Nardulli, M. Ruggieri, M. Mannarelli, Phys. Rev. D 74 074005 [arXiv:hep-ph/0607341]
